This paper presents and discusses the mathematical developments of the so-called Krylov-Bogoliubov-Mitropolsky (KBM) contribution to nonlinear dynamics. A brief biography of their common academic work at Kiev University, initially by Krylov and Bogoliubov and afterwards by Bogoliubov and Mitropolsky, is presented. The first book published by Krylov and Bogoliubov, Introduction to Nonlinear Mechanics, is analyzed showing their technological concerns. A selection of their works and books is also looked at and discussed.
Introduction
When physicists or engineers are faced with a theoretical investigation of a real physical system, they are always forced to simplify and to idealize the problem in order to represent its time properties. Consequently, the idealization of the problem can never be avoided in the construction of a mathematical model which is a set of equations, normally a set of differential equations representing the dynamic behavior of the system (Nayfeh & Balachandran, 1995; Nayfeh & Mook, 1979) . In this mathematical model all the main features of the problem must appear, but it is neither necessary nor feasible to include all the properties of the system because of the difficulties involved in resolving it, if indeed this is actually possible. Since idealization is inevitable, the question is how to go far in the direction of idealization to obtain satisfactory results? The answer to this question is only given by experimental results, which may or may not legitimate the idealization made. In nonlinear problems new phenomena arise, which is not the case of linear systems. Thus, in the study of nonlinear problems the main objective is to understand these new characteristics of the system and to improve the accuracy of linear methods. Due to the complexity of the phenomena, one practical approach is to settle for something less than complete generality (Dumas, Meyer, & Schmidt, 1995; Katok & Hasselblatt, 1995) . Hence, it is preferable to study solutions for nonlinear problems and look for nonlinear solutions close to a known linear solution. This is the basic idea behind the use of perturbation methods for nonlinear problems (Nayfeh, 1973) . It consists of developing the method in relation to a small parameter, in which a series expansion in terms of this parameter can be found. The coefficients of the expansions are obtained as solutions of a sequence of linear problems.
The Krylov-Bogoliubov school in Kiev developed analytical methods for nonlinear systems. The foundation of their results was the classical perturbation method which was generalized to non-conservative systems. In the 1950s, the invention of the high-speed computer changed the history of dynamics. It allowed the simulation of dynamical systems with complicated equations in a way that was previously impossible, and was therefore a significant development of intuition about nonlinear systems. Such simulations led to Lorentz's discovery in 1963 of chaotic motion in a strange attractor. He studied a simplified model of convection rolls in the atmosphere to gain insight into the unpredictability of weather. Lorentz found that the solutions of these equations never settled down to an equilibrium or periodic state. Instead they continued to oscillate in an irregular aperiodic fashion. He also noticed that the resulting behaviors from two slightly different initial conditions would soon become completely different. The surprising implication was that the system was inherently unpredictable. In other words, chaotic characteristics can appear in deterministic mathematical models.
Main Developments of Nonlinear Theories before 1930
The main contributions to nonlinear methods before K-B-M are as follows:
Before 1880 (The analytic period): characterized by the search for analytic solutions and perturbation methods; the search for integrals of motion, particularly independent time and algebraic integrals. Poincaré : emphasized the study of the qualitative, global aspects of dynamics in phase space; developed topological analysis; generalized the bifurcation concept: introduced mapping in phase space (difference equations); surface of section; introduced rotation numbers of maps; index of a closed curve in a vector field; initiated the recursive method for defining dimensions.
Whittaker: obtained the adelphic integrals for coupled harmonic oscillators, where the integrals are never analytic functions of frequencies (1906) .
1920-1930
Mathematics: the theory of dimensions (Poincaré, Brouwer, Menger, Hausdorff, etc); fixed point theorems (Brouwer, Poincaré-Birkoff); the development of topology, differential geometry (Bäcklund transformations); Birkoff studied the abstract dynamics of analytic one-to-one transformations, emphasized the various categories of asymptotic sets (alpha and omega set limits, various periodic sets, hyperbolic and elliptic fixed point neighborhoods, recurrent motions of a discontinuous type, etc.).
Numerical computations by Stormer and his students, of the dynamics of solar particles in the dipole magnetic field of the earth (a non-integrable system), 
Poincaré's Pioneering Work
The father of modern nonlinear dynamics is Henri Poincaré Lie (1842 Lie ( -1899 , and, of course Poincaré, amongst others. One of the big problems at that time was the three-body problem (Green, 1997; Valtonen & Karttunen, 2006) .
It was Poincaré who provided many of the solutions now used as established methods for exploring dynamic systems. In particular, he emphasized the importance of obtaining a global qualitative understanding of the nature of a dynamic system. Many of his suggestions were substantially refined and extended by others, but our debt to his insights is enormous. Unfortunately, his contributions in this field were ignored by scientists for about 50 years. Fortunately, not by many mathematicians, who extended his concepts and theories to areas such as topology, asymptotic series, various maps and their fixed points, bifurcations and also proved a number of his conjectures.
We can summarize the contributions of Poincaré for dynamic systems as fol- 
Science and the Russian Revolution
The 1917 Bolshevik Revolution resulted in radical changes throughout Russia, which affected the development of science. The Revolution and the ensuing civil war had serious consequences for the lives and work of scientists of the pre-revolutionary generation (Graham, 1993) .
"In the few months of 1917 where the liberals and the democratic socialists were in power, reforms were made which influenced the future of Soviet science.
Universities adopted new structures of faculty governance; professional societies affirmed their independence from state control and the Academy of Sciences, for the first time in its history, elected its own president, the geologist A. P. Karpinskii. The permanent secretary of the Academy, S. F. Oldenburg, was also Minister of Education in the provisional government" (Graham, 1993) .
"One paradoxical situation that appears in early Soviet Russia is that the scientific institutions normally aligned with the conservative forces, such as the Academy of Sciences, were less resistant to the Bolshevik Revolution than the universities and other scientific institutions" (Graham, 1993) . This situation can be interpreted as due to the prevailing wish of leading scientific researchers to keep politics separate from science. The principle of keeping science out of politics was strong in the Central European universities where many Russian scholars had studied and was frequently expressed by the old researchers.
Although leaders of the Academy adopted defensive measures, the revolutionaries began to formulate plans for a reorganization of science. In these plans the idea of diminishing the role of the Academy was present. Probably the most ambitious plan to reorganize Russian science came from the Commissariat of Education, based mainly among the northern communes, including Petrograd.
The basic purpose of this project was to "win science for the proletariat", and to fight against the "fetishization of pure science", according to them endemic in the traditional institutions.
The northern radicals wanted to abolish the Academy of Sciences and all "old forms of the social organization of science". They intend to replace the Academy with a "homogeneous set of scholarly-pedagogical institutes" where teaching was to be the primary function (Pollock, 1969 The institutions that had traditionally been involved only with theoretical research would be required to assume major pedagogical responsibilities. Obviously, behind this proposal there was a strategic idea of constructing the "unity of scholarly and teaching work".
In the 1930s, after the Bolsheviks had abandoned their original ideal of an international communistic revolution and had begun to build a communist state at home (in a single country only), overall scientific activity increased. The doctrine of Marxism-Leninism (White, 1996) , the ideology of Soviet orthodoxy, began to create a "scientific" theory for the development of society.
Naturally, this meant that official Marxist ideology was adapted to the party's immediate needs party and immediately came to dominate the social sciences and the sciences in general, just when a new period of development was arising (Cohen, 1978) .
The Intellectual Context of the Soviet Union
Like the October Revolution, World War II deeply affected intellectual life in U.S.S.R (Montefiore, 2005) .
At the beginning of World War II, the Soviet Union signed a non-aggression pact with Nazi Germany, initially avoiding confrontation. As is well know, this treaty was disregarded in 1941 when the Nazis invaded Soviet Union, opening the largest and bloodiest theatre of combat in the history of mankind. The battles were intense and became famous in military history, such as Stalingrad. On the Quasiperiodic Solutions of the Equations of Nonlinear Mechanics (1934) and the book Introduction to Nonlinear Mechanics (1937) . These works created a large field of nonlinear mechanics. Mitropolsky (Figure 3 ) also authored the following books: Nonstationary process in nonlinear oscillatory systems (1955) , Problems in the asymptotic theory of nonstationary oscillations (1964) , Lectures on the method of averaging in nonlinear mechanics (1966) , The method of averaging in nonlinear mechanics (1971) , Nonlinear mechanics. Asymptotic methods (1995) , Nonlinear mechanics. Monofrequency oscillations (1997) and Methods of nonlinear mechanics. A first textbook (2005) . 
Mitropolsky was a renowned Ukrainian

Common Selected Works and Books
Some of Mitropolsky's Additional Contributions
Mitropolsky made some fundamental contributions to the theory of nonlinear mechanics, especially the qualitative theory of differential equations, as well as the development of asymptotic methods applied to the solution of practical problems (Mitropolsky, 1963) . He extended the Krylov-Bogoliubov symbolic method to nonlinear systems and generalized asymptotic methods to the theory of nonlinear mechanics. Using methods of successive substitutes, he constructed a general solution for a system represented by a nonlinear equation and studied its behavior in the neighborhood of the quasi-periodic solution. He also successfully applied the averaging method to the study of oscillatory systems with slowly varying parameters (Mitropolsky, 1970) .
We can list the majority of Mitropolsky's contributions as follows:  The creation and the development of the mathematical justification of algorithms for the construction of asymptotic expansions for nonlinear differential equations describing non-stationary oscillatory processes.  The development of a method for investigation of monofrequency processes in oscillatory systems.  The investigation of systems of nonlinear differential equations, describing oscillatory processes in gyroscope systems and strongly nonlinear systems.  The development of the theory of integral manifolds in nonlinear mechanics and the consideration of related questions that arise in stability of motion.  The development of the averaging method for equations with slowly varying parameters, as well as for equations with non-differentiable and discontinuous right-hand sides for equations with delayed argument, for equations with random perturbations, and for partial differential equations and equations in functional spaces.  The development of the method of accelerated convergence in problems of nonlinear mechanics.  The development of the theory of reducibility in linear differential equations with quasi-periodic coefficients and other equations.
In 1955, Mitropolsky and Bogoliubov published a book on asymptotic methods in nonlinear oscillations (Bogoliubov & Mitropolsky, 1961) . This book contains their fundamental achievements between 1945 and 1955. In a review of the book, Solomon Lefschetz made the following remarks:
The present book is the fourth or fifth major treatise published in recent years by Soviet scientists on the general topic of nonlinear oscillations, which serves to indicate the great value which is attached in the USSR to this general topic. The general program of the book is not too far from the program of the 1937 Krylov-Bogoliubov monograph (Introduction to Nonlinear Mechanics). However, although the book is addressed primarily to physicists and engineers, its mathematical treatment is most careful, which was by no means the case with the 1937 monograph. The book is also much more orderly and most readable: an excellent contribution in every respect.
Considerations about Introduction to Nonlinear Mechanics
Krylov and Bogoliubov's first book, published initially in 1934, was translated to
English by Solomon Lefschetz in 1942 (Krylov & Bogoliubov, 1950) . As he em- In Chapter I, dedicated to selected systems, the following technical problems are studied: the oscillatory shaft, the electrical circuit without resistance, the pendulum freely oscillating in the atmosphere, the electrical circuit with resistance, the electronic generator. Also studied in this chapter are modelling aspects of these problems. Hence, some important equations are presented, such as Raleigh and Van der Pol which became classic in nonlinear investigations. In this context, the coefficients representing friction and energy dissipation appear as fundamental characteristics of some nonlinear systems.
Chapter II, about the solution of the systems presented in Chapter I, is concerned with mathematical modelling and involves equations of the following type:
The authors then proposed to investigate more particularly the quasi-harmonic case, where there are oscillations near to the sinusoidal response in the form ( ) sin x a t ω ϕ = + . For this case, and also considering the function F free from the explicit time t , the basic differential equation is:
where ε is a small parameter.
The difficulty which arose in the eighteenth century, the presence of secular terms, appears again. The objective now is to try a new approximated approach in order to obtain solutions free from these terms. ϕ are proportional to the small parameter, so that a and ϕ will be slowly varying functions of time during the period T , and as a first approximation we may consider them as constant. Another important remark is that the first approximation solution is obtained from exact solutions by averaging the system with respect to time t . Thus, the process will be described as the averaging principle. Finally, in this chapter the method is applied to a certain number of known systems.
In Chapter III, the authors search for a refinement of the previous solution by improving the accuracy of the first approximation, of course, a more compli-cated one. The new refined first approximation is:
( ) Chapter IV, a study of the higher approximations, consists of taking into account the higher harmonics of the same basic equation. This means considering methods for forming approximate solutions corresponding to stationary oscillations which satisfies the basic model, but the solution contains terms in any given power of ε .
As a general conclusion to this chapter, except for certain singular cases, the relations obtained for the first approximation provide the same qualitative results for the starting of self-oscillations as the higher approximations. However, the higher approximations provide quantitative rather than new qualitative information. Thus, because of the difficulty in computing the higher approximation, it is usually sufficient to obtain the first approximation.
Shown in Chapter V, concerned with a method of linearization of the nonlinear system, is that the mathematical model representing the nonlinear system in the first approximation is equivalent to that of a linear system with a dissipation coefficient and a spring constant. The approximation is to the order of 2 ε , where quantities of the same order are neglected when the first approximation is formed. As a result, the linear system is equivalent to the nonlinear one. Besides this equivalent linearization, another interpretation can also be used.
As they are dealing with systems which do not differ much from harmonic systems, a harmonic oscillation in the form 
, where
Mathematical manipulation using complex algebra is more suitable for the systems studied in the book. For example, we can consider two terminals and impose a harmonic voltage In Chapter VII, multiplying periodic systems are looked at, and it is asked if it is possible to consider systems with several frequencies instead of the systems considered until now, where we speak about one frequency at a time. For nonlinear systems with multiple frequencies the principle of superposition is not applied to a linear system equivalent to a given nonlinear one. Under certain conditions, such as the reasonable smallness of suitable parameters, some progress was made. For the sake of simplicity the authors limited the discussion to the case of two oscillations. Thus, two distinct situations arise, depending on the presence or absence of resonance.
Both cases were studied. In the non-resonance case, considering the first approximation, the nonlinear characteristic may be replaced by the linear characteristic. We can interpret the replacement of the nonlinear element by an equivalent element with a characteristic just written as a linearization of the system. For the resonant case, the two harmonics 1 are neglected. Other different procedures are also presented in this chapter in order to obtain approximations solutions of superior order.
We will comment on the bibliography presented by Krylov and Bogoliubov in their first book in our conclusions because it describes important characteristics of their common lines of research before the book was published.
Conclusion
After briefly describing the work of Krylov-Bogoliubov-Mitropolsky (KBM) in nonlinear mechanics, mainly the first book published by Krylov and Bogoliubov: Introduction to Nonlinear Mechanics (1937) , we can conclude that it was fundamentally aimed at engineers and physicists concerned with technology. This fact is easy to see by means of the problems chosen to be solved in the first chapter of the book as well as by the bibliography presented in it. With respect to the references, in Reference 6 they deal with the dynamic stability of synchronous machines; in Reference 21 they study the longitudinal stability of airplanes;
in Reference 23 they investigate transverse vibrations of rods caused by normal forces; in Reference 25 they tackle problems of radiotechnics. In addition, the forty references presented indicate several lines of research from before 1937.
